We have determined the maximum quantum violation of 241 tight bipartite Bell inequalities with up to five two-outcome measurement settings per party by constructing the appropriate measurement operators in up to six-dimensional complex and eight-dimensional real component Hilbert spaces using numerical optimization. Out of these inequalities 129 has been introduced here. In 43 cases higher dimensional component spaces gave larger violation than qubits, and in 3 occasions the maximum was achieved with six-dimensional spaces. We have also calculated upper bounds on these Bell inequalities using a method proposed recently. For all but 20 inequalities the best solution found matched the upper bound. Surprisingly, the simplest inequality of the set examined, with only three measurement settings per party, was not among them, despite the high dimensionality of the Hilbert space considered. We also computed detection threshold efficiencies for the maximally entangled qubit pair. These could be lowered in several instances if degenerate measurements were also allowed.
I. INTRODUCTION
Suppose two classical systems which are separated from each other. Let us make some local measurements on them. Then the results of these measurements may be correlated, which may be explained by shared randomness experienced in the past. For a given number of possible measurement choices (inputs) and results (outputs) the set of correlations forms a polytope whose finite number of vertices correspond to all the deterministic assignments of outputs to inputs. The facets of the polytope, which form the boundary of the classical region, correspond to tight Bell inequalities [1, 2] . Thus Bell inequalities has no a priori relation to quantum physics. However, quantum physics violates them, which has been verified experimentally in numerous occasions up to some technical loopholes (see e.g., [3] ). Indeed, this makes Bell inequalities very interesting.
On the other hand, one may ask what is the achievable set of correlations if one allows the two parties to share quantum resources as well over shared randomness. This is a convex set, such as for the classical case, however it cannot be described by a finite number of extreme points [4] . Nevertheless, one can construct so called quantumBell inequalities which bound the correlations achievable by quantum physics [4, 5, 6 ] (see also item 5 in Sec. III.C of Ref. [7] ). A simple way to form quantum-Bell inequalities is to use the coefficients of known Bell inequalities, and determine the maximum value one can get by performing measurements on quantum systems of arbitrary dimensions.
The simplest result in this respect is the Tsirelson bound [8] stating that quantum correlations cannot vio- * Electronic address: kfpal@atomki.hu † Electronic address: tvertesi@dtp.atomki.hu late the CHSH inequality [2] by more than ( √ 2 − 1)/2. Note, however that the requirement of non-signaling alone allows a higher bound of 1 [9, 10] (the maximum allowed value in a local classical theory is 0). In the present paper we stick to the bipartite two-outcome scenario and we consider inequalities with more than two measurement settings having nontrivial local marginals as well.
In particular, in this paper we test 241 bipartite tight Bell inequalities with two-valued observables with up to five settings. These Bell inequalities have been collected from various sources: from the list of Ref. [11] containing 89 inequalities labelled by A i , i = 3, . . . , 89, from the list of Ref. [12] comprising 31 inequalities with up to four settings per party. 18 of them, labelled by I i 4422 , i = 3, . . . , 20 are introduced by that paper. The simplest nontrivial inequality I 3322 beside the CHSH inequality was presented first by Froissart [13] in 1981 and more recently it was reintroduced by Sliwa [14] and by Collins and Gisin [15] . The rest of them, namely, I 1,2,3 3422 and I 1 4422 were presented in Ref. [15] , I 2 4422 in [16] , A 5, 6 and AII 1,2 in [17] , while AS 1,2 in [7] . These lists were also considered by us previously [18] . Finally, a list of 129 tight bipartite Bell inequalities with four settings per party is constructed in the present paper (labelled by J i 4422 , i = 1, . . . , 129). We test numerically these Bell inequalities and give the bound on them achievable by quantum systems, thereby generating quantum-Bell inequalities. On one hand, we used numerical optimization in higher dimensional (up to six complex and eight real) component Hilbert spaces to calculate a lower bound on maximal Bell violation. On the other hand, the hierarchy of tests of Refs. [19, 20] allows us to give upper bounds on the violation achievable by quantum systems. We found in a surprisingly many cases that the lower and upper bounds coincide indicating that the quantum bound we have found is tight. Numerics suggests that in some cases even five-dimensional local Hilbert spaces (i.e., 25-dimensional full Hilbert space) were not enough to achieve the maximum quantum value. This result can be interpreted through the recent concept of dimension witness [21] , which is a certain kind of generalization of Bell inequalities which enables to measure the dimension of the Hilbert space (see also Refs. [22, 23] for recent works using this concept). In particular, a d-dimensional Hilbert space witness allows to distinguish the strength of correlations of measurement outcomes on members of composite systems that can be obtained in d-dimensional component Hilbert spaces from the ones which are achievable only in higher dimensions. Our result thus indicates a fivedimensional witness, which improves on our recent result [18] , where we found three-dimensional witness. We also made a study, given these tight Bell inequalities, from a different perspective. Namely, we computed the threshold detection efficiency for a maximally entangled qubit pair required to close the detection loophole in the symmetric (Alice and Bob having the same detection efficiency) and in the asymmetric cases (Alice has perfect detection efficiency) by considering degenerate measurements (having deterministic outcomes) as well. Surprisingly, in almost all cases degenerate measurements were required to achieve the lowest threshold efficiency in both the symmetric and asymmetric situations. However, let us note, that these cases with degenerate measurements could be traced back to ones with non-degenerate measurements, which achieve the same threshold value. In the asymmetric case we could improve on the best known results from the literature [12, 24] , by carrying out only non-degenerate measurements.
The rest of the paper is organized as follows. In Sec. II we describe methods to find tight two-outcome bipartite Bell inequalities, and we show the 129 inequivalent examples we have got this way. For all of them the classical limit is zero, and we have given a symmetric form, whenever there exists one. In Sec. III it is explained how we constructed the maximum quantum violating solution in real and complex six-, and real eight-dimensional component Hilbert spaces. In Sec. IV we present briefly the method of Navascués et al. [19, 20 ] to obtain upper limit for the maximum quantum violation of twoparty two-outcome Bell inequalities. In Sec. V we give the maximum quantum value we have derived, the size of the Hilbert spaces required, and the dimensionalities of the projectors used as the measurement operators for all the 241 Bell inequalities considered. We also show when this value reaches the upper bound. For those cases the value given is the absolute quantum bound. We discuss the results obtained. In Section VI the minimal detection efficiencies are computed for a maximally entangled pair of qubits considering degenerate measurements as well. More details of the results including the matrices of the optimal operators and the Schmidt coefficients of the states are presented in the web site [52] . Section VII summarizes the results of the paper.
II. METHODS FOR GENERATING TIGHT BELL INEQUALITIES
We consider a typical experiment to test for correlations. Imagine a system, either quantum or classical, which is composed of two subsystems, A and B. Suppose that Alice has m A choices of two-valued measurements on A, while Bob has m B choices of two-valued measurements on B. Let us refer to this situation with the notation m A m B 22. The outcome of the measurements is one of two values labelled by the symbols 1 and 0. The experiment is repeated many times with different choices of measurement settings so as to get accurate probabilities. The result of such a correlation experiment can be thought of as a vector p in a d dimensional space, where
The components p Ai , p Bj and p AiBj (for 1 ≤ i ≤ m A and 1 ≤ j ≤ m B ) of p represent the probability that Alice gets 1 for measurement setting i, Bob gets 1 for measurement setting j, and that both Alice and Bob get 1 for setting i and j on the respective sides.
In a quantum correlation experiment Alice and Bob share a quantum state ρ, and the probabilities can be expressed by the formulae
where I A (I B ) denotes the unity operator acting on the Hilbert space of Alice (Bob), while A i and B j are the {1, 0} valued observables (i.e., projectors) measured by Alice and Bob, respectively. Note, that for our case of binary outcomes it has been shown [25] that projective measurements can reproduce the set of all quantum correlations.
On the other hand, the result of a classical correlation experiment must correspond to a probability distribution represented as a convex sum over all deterministic configurations. A deterministic configuration assigns the outcomes {1, 0} to each of the m A + m B measurements, in which case the joint probabilities factor into two local probability distributions, p AiBj = p Ai p Bj . Thus, the set of vectors p which are possible results of a correlation experiment forms a d = (m A + m B + m A m B )-dimensional polytope P [26] . Froissart [13] has shown that in the general m A m B 22 case the set of all n = 2 mA+mB points p v , v = 1, . . . , n corresponding to deterministic configurations are actually the extremal vertices of this ddimensional polytope P . The experimental result has a locally causal model if and only if the corresponding point is located inside the polytope P . A Bell inequality is a linear inequality satisfied by all the points in such a polytope. A tight Bell inequality, which is the most useful to detect non-local correlations, defines a facet of this polytope. In our particular formulation we represent a Bell inequality in the form
where the sums run over all measurements of Alice and Bob, and the coefficients b's are suitably chosen real numbers. The simplest nontrivial tight Bell inequality (with the smallest values of m A = 2 and m B = 2) is the CHSH inequality [2] 
Also, note that for a given Bell inequality b p ≤ b 0 , with p ∈ R d and for a d-dimensional polytope P , the face represented by the inequality is a facet of that polytope P if and only if the rank of the matrix containing the vertices p v of polytope P which saturate the inequality is d − 1. This fact enables us to test tightness of Bell inequalities.
Given the vertices p v of polytope P in case m A m B 22, our task is to find some facets, which defines tight Bell inequalities. A deterministic algorithm (see for instance the package cdd [27] ), which explores systematically all the facets, runs too slowly already for the 4422 case to complete this task. This fact was also mentioned by Collins and Gisin in Ref. [15] . In fact, it has been shown by Pitowsky that this problem for the general m A m B 22 case is NP-complete [29] . Therefore, we turn to heuristic algorithms and provide two methods which enable us to produce tight two-outcome bipartite Bell inequalities with m A = m B = 4 measurement settings. The first one uses some portions from Seidel's shelling algorithm [30] , while the second one is based on a reduction of the polytope P to smaller ones. Actually, the second method proves to be useful for a larger number of measurement settings as well. For instance, we found that it also works for the 5522 case.
A. Algorithm: shelling of a Bell polytope
In this subsection we suitably modify a part of Seidel's shelling algorithm [30] . Consider a d-dimensional polytope P corresponding to the case m A m B 22 (i.e., a Bell polytope), and let S denote the set of vectors p v corresponding to deterministic configurations as defined earlier. Imagine travelling along a directed straight line L that intersects the interior of P . Start at a point on L that is in the interior of P and move along L. Continue moving until you pass through some facet F and then leave the interior of P . This facet F is the first in the shelling order. Continue moving away from P along L and more and more facets will become visible. The order in which these facets appear is the shelling order. This algorithm is deterministic in essence, which makes a shelling of the polytope by travelling along a line and determine the facets of the convex hull as they become visible. However, this algorithm runs too long to complete the task in a reasonable time for polytope P of the case 4422. Therefore, a heuristic algorithm is given which uses a part of Seidel's algorithm:
Suppose we know a priori a single facet F of the polytope P defined by all vertices p F v ∈ S F which lie on the supporting hyperplane of this facet F . Define a by adding up these vectors p F v . This sets the direction of the shelling line L, parameterized by x(t) = − a/t, −∞ < t < +∞. Linear programming can be used to determine for every p v ∈ S the first facet in the shelling that contains p v . Thus for each p v ∈ S one obtains a tight Bell inequality defined by a facet of P . Let us collect these facets, which serve as new inputs to the algorithm. This routine is iterated as long as no more new Bell inequalities are found. However, several of them may turn out to be equivalent, i.e., symmetric under party exchange, observable exchange or relabelling of outcomes (see e.g., [31] ). Thus one has to take care of selecting the inequivalent Bell inequalities.
B. Algorithm: slicing a Bell polytope
Similarly as in II A we start from an a priori known facet F of a d-dimensional polytope P corresponding to a tight Bell inequality, b p ≤ b 0 , where p ∈ R d . In this case for all vertices p v ∈ S corresponding to deterministic configurations the inequality holds by definition. Now let us decrease the value of b 0 to a smaller value b * 0 . Thereby we obtain two groups of vertices, one (S ′ ) for which b p ≥ b * 0 holds and one (S ′′ ) for which it does not hold. The convex hull of these vertices form polytopes, designated by P ′ and P ′′ , respectively. By setting an appropriate value for b * 0 we may get a polytope P ′ in the same dimension d as for the polytope P . Now we take as an input these vertices to the cdd program [27] which generate all the facets of this reduced polytope P ′ (assuming that the number of vertices in P ′ is small enough to be handled by the program). However, not all of the generated facets will be the facets of the original polytope P as well. Thus one must sort out the valid faces which fulfill
Such as in the algorithm II A, these facets, which define tight Bell inequalities, form the input to the new cycle of computations. The computation halts only when no more new Bell inequalities can be produced this way.
C. Comments specific to the 4422 Bell inequalities
A crucial point of both algorithms is the right choice of the initial facet. A facet in the d-dimensional polytope P is called degenerate if it is created by more than d points. The problem lies in the fact that a Bell polytope P in general, and also in the particular case of 4422 is highly degenerate. However, it is not favorable to start the algorithm II B from a highly degenerate facet, since in this case the number of vertices of P ′ which are fed in the cdd program can easily become larger than the number the program can handle. In our specific case we used Brunner and Gisin's I 19 4422 Bell inequality as an input facet to the algorithm and the 129 tight Bell inequalities were obtained using both methods II A and II B. However, we mention that we did not perform an exhaustive search, since it would have been time consuming. We suspect that the list of 26 inequalities of Ref. [12] plus our 129 introduced ones do not form the complete set of all 4422-type of tight Bell inequalities. This is implied by the fact, that our set of 129 inequalities covered only 23 from the list of 26 inequalities of Brunner and Gisin. The coefficients defining the 129 inequalities are shown in Table I .
III. LOWER BOUNDS
The quantum value of a Bell expression is the expectation value of the operator
According to Eqs. (1) and (2) this is the value one gets for the left hand side of Eq. (2) with measurements on a quantum system. This can be larger then the maximum classical value b 0 , the quantum violation is the difference of the quantum value and b 0 . For the maximum quantum violation it is enough to consider pure states. We have given lower limits for the maximum violation of Bell inequalities by explicitly constructing measurement operators in Alice's and Bob's component Hilbert spaces and the appropriate state using numerical optimization. We have made calculations with six-dimensional real and complex spaces and eight-dimensional real spaces, taking three-and fourdimensional projection operators as measurement operators, respectively. The results of such a calculation may correspond to solutions in component spaces of lower dimensionality. The six-dimensional case incorporates the five-dimensional case, in which each measurement operator can be a two-or a three-dimensional projector, the four-dimensional case with one-, twoand three-dimensional projectors, and the three-and two-dimensional cases with projectors of any dimensionality, including degenerate operators, i.e., zero and unity. The eight-dimensional calculation covers the seven-dimensional case with four-and three-dimensional projectors, the six-dimensional one with four-, threeand two-dimensional projectors, the five-dimensional one with four-, three-, two-and one-dimensional projectors, and the four-, three-and two-dimensional ones with any projectors.
The Schmidt decomposition of the maximally violating state vector tells which subspaces of the component spaces it occupies. The dimensionality of those subspaces is the Schmidt number, the number of nonzero Schmidt coefficients. If this is less than the number of dimensions of the component spaces, and if each measurement operator projects the corresponding subspace onto itself, then the orthogonal subspace may be dropped altogether, reducing the dimensionality of the solution. The latter condition is fulfilled if the matrix of each measurement operator is block-diagonal in the Schmidt basis, such that all matrix elements connecting the subspace the state vector occupies with the orthogonal subspace are zero. Although this was not always true for the results we got from the optimization procedure, it turned out that we could always get rid of the unwanted nonzero matrix elements without changing the optimum value achieved by penalizing them in a subsequent optimization. In these cases there were equally good solutions with different choices of the measurement operators concerned. Thus a Schmidt number smaller than the dimensionality of the component Hilbert space we considered always led to a solution in a smaller space.
The number of dimensions of a measurement operator in the reduced space is given by the dimensionality of the overlap of the subspace it projects to with the subspace the state vector occupies. We can easily get it as the trace of the corresponding block of the matrix of the operator. The dimensionality of the overlap of a five-dimensional and a three-dimensional subspace of a six-dimensional space is either two or three. This is the reason our sixdimensional calculation with three-dimensional projectors may lead to a five-dimensional solution with both two-and three-dimensional measurement operators. To try all these possibilities for a Bell inequality with five measurement settings per party with confining ourselves to five-dimensional component spaces would mean 2 10 separate optimizations. To check all potential fourdimensional solutions a single six-dimensional calculation covers would require 3 10 complete calculations. Although the number of parameters to be optimized is larger, it is still better to work in higher-dimensional spaces.
In our previous work [18] we studied many of the Bell inequalities we consider here, but then we confined ourselves to four-dimensional component spaces with twodimensional projectors. We solved the problem by maximizing the maximum eigenvalue of the 16 × 16 matrix of the operator given by Eq. (4) with a simplex uphill method. A difficulty with this approach is that it almost always finds a solution with qubits, even if a better solution exists with higher dimensional component spaces. For some inequalities it finds the true maximum only once in several thousand attempts. With four-dimensional spaces the number of calculations necessary to get reliable results were well affordable. However, in six-or eight-dimensional component spaces it is even more difficult to find the interesting solution, there are a lot more parameters to be optimized, and the size of the matrices to be diagonalized many times in each optimization run is also much larger. Therefore, we have changed our strategy and we have used an iterative approach. The procedure ensures that the Schmidt bases of the state vector agree with the bases used in the component spaces, up to possible phase factors.
When we try to find the best m-dimensional solution with the n-dimensional (n = 6 or 8) program, we first take the m-dimensional maximally entangled state 1/ √ m i=1,m |i |i . We apply the simplex uphill method [32] to find the best measurement operators to maximize the expectation value of the operator (4), that is the quantum value of the inequality with the state chosen. Then we replace the vector with the one of the form i=1,n c i |i |i that gives the largest violation with the measurement operators we have got. This vector can directly be determined by finding the eigenvector belong-ing to the largest eigenvalue of a matrix. We repeat these steps until we reach convergence. As the vector always has the special form in our basis, the matrices whose expectation value has to be calculated and the ones to be diagonalized are of the size of n×n. We only have to deal with small submatrices of the corresponding matrices of size n 2 × n 2 in the full Hilbert space. For the simplex uphill method we use the implementation of Ref. [33] . The procedure does not ensure to find the true optimum, so we have to repeat it many times. To save computation time we made just a few iterations with many different initial values, and chose only a few of them that arrived at the best values for the full calculation. In another implementation we stopped the iterations as soon as any of the Schmidt coefficients (which are just |c i |) fell below a threshold, and restarted the procedure with new initial values.
To apply optimization we have to parametrize the operators. An (n/2)-dimensional projector in an ndimensional space requires (n/2) 2 real parameters to characterize in the real case, and twice as many in the complex case. In choosing the parameters we used a similar approach than in Ref. [18] . In Ref. [34] it has been shown that any (n/2)-dimensional projector in an n-dimensional space can be transformed into a simple form with two unitary transformations, one acting only on the first n/2, while the other on the other n/2 basis vectors. This simple form is characterized by n/2 angles. Then any such projector can be produced by acting on such a simple matrix with two appropriate unitary -or in the real case orthogonal -transformations. A general three-dimensional orthogonal transformation can be described with 3 Euler angles, while the four-dimensional one requires 6 Euler angles (see for example Ref. [35] ). This way we get the correct number of parameters for the projectors in the real case both in the six-(3 + 2 · 3 = 9) and in the eight-dimensional (4 + 2 · 6 = 16) spaces. In a six-dimensional space each three-dimensional unitary transformation requires further 4 phase factors to be characterized, but one overall factor is irrelevant. The 9 extra parameters we get this way give just the necessary number of parameters for the projectors in the complex case.
IV. UPPER BOUNDS
To determine upper limits for the maximum quantum violation of the Bell inequalities we follow the procedure given by Navascués et al. [19, 20] . The method, in its simplest form, specified to the case of a two-party twooutcome Bell inequality, is as follows.
Let us introduce the operators a i = (2A i − I A ) ⊗ I B and b j = I A ⊗ (2B j − I B ), where I A and I B are the unity operators in Alice's and Bob's component spaces, respectively. The a i and b j operators have eigenvalues +1 and −1 for the two outcomes of the measurement instead of 1 and 0. The square of each of them is unity, and every a i commutes with every b j . Let us choose a set of vectors containing |ψ , a 1 |ψ , a 2 |ψ , . . . , a mA |ψ , b 1 |ψ ,  b 2 |ψ , . . . , b mB |ψ , and any number of vectors of the form a i a i ′ a i ′′ ...b j b j ′ b j ′′ |ψ , i.e., |ψ multiplied by the product of any numbers of a and b operators. Let us consider the matrix whose entries are the real parts of the scalar products of these vectors. A matrix derived this way is positive semidefinite. Each entry of the matrix is the real part of the expectation value of an operator. Taking into account that each a i and b j squares to unity, and that a i commutes with b j , one can see that in some places the operators may be equal, or hermitian conjugates of each other. In those places the entries of the matrix will be equal, independently of the actual choice of |ψ and the measurement operators. It is easy to see that the quantum value for a Bell inequality can be written as a linear combination of certain entries of this matrix. There are limits on the value this linear combination may take, as the matrix has to be positive semidefinite, while satisfying constraints requiring the equality of some of its elements. The quantum value of the Bell inequality can not be larger than the maximum value allowed by the conditions above. The standard optimization method to determine this maximum is semidefinite programming [36] . There are several codes available to solve the problem, in most of our calculations we used CSDP [37] .
The upper limit for the maximum violation of the inequality we get this way depends on how we choose the set of vectors we generate the matrix from. Refs. [19, 20] introduce a systematic hierarchy of choices, where the higher levels give ever stricter limits until the exact maximum violation is achieved. The first level includes only the vectors |ψ , a i |ψ (i = 1, . . . , m A ) and b j |ψ (j = 1, . . . , m B ). The second level also includes vec-
, that is it includes all vectors we can make by acting on |ψ with up to two measurement operators. We get level three by going up to three operators, and so on. The exact value for the maximum violation may be reached at a finite level, for correlation type Bell inequalities this already happens at the first level [38] . It has been shown that the series of upper limits through the hierarchy converges to the exact value [20, 41] . In practice, it is also worth considering intermediate levels. The computation requirement is often much less than that is for the next full level, and if it gives the exact value, we need not go any further. For example, for many of the Bell inequalities we considered we got the upper limit equal to the lower one by supplementing level two by just the vectors generated with two a and one b (noted as aa ′ b), or one a and two b operators (abb ′ ). Tables II and III show our results for the maximum violation of the Bell inequalities we could achieve by explic- 
V. RESULTS FOR THE MAXIMUM VIOLATION
itly determining the state vector and the measurement operators. The size of the component Hilbert space and the dimensionalities of the operators are also shown. In our earlier work [18] we have determined the maximum violation for all cases shown in Table II with component Hilbert spaces of up to four dimensions taking twodimensional projectors as measurement operators. For the inequalities we follow the notations we used there, which are the same as the ones in Refs. [11, 12] . By extending our calculations to six-dimensional complex and real, and eight-dimensional real component spaces we could achieve a larger maximum violation for 19 of the 112 inequalities. We found 9 cases where fourdimensional real spaces were necessary for maximum vi- olation, with not all projectors two-dimensional. For another 9 inequalities we had to go up to five-dimensional real component spaces. One of them is A 10 , a 4522 inequality, which has less than five measurement settings for one of the parties. For one 5522 we found the maximum violation with six-dimensional component spaces, more than the number of measurement settings for either party. Similarly, for J 30 4422 (see Table III ), we needed fivedimensional, and for J 48 4422 and J 62 4422 , all 4422 cases, sixdimensional real component spaces. However, for these cases we can not be sure that the states and the operators we constructed does give the true quantum bound. The values for the violation are still somewhat below the corresponding upper limits we have got. Some possibilities, even with lower dimensional component spaces, like fourdimensional complex spaces with allowing degenerate measurement operators are not covered. Moreover, we may have even missed some solutions which are in principle accessible by our programs. The six-dimensional program with complex spaces often struggles to find solutions it finds relatively easily in real spaces. This is not very surprising, as in the complex case there are twice as many parameters to optimize. We note that whenever we needed more than two-dimensional component spaces for maximum violation for the inequalities considered in the present paper, real spaces were always sufficient. This is not true for all Bell inequalities, for example for the 4822 correlation type inequality introduced in Ref. [40] the lowest dimensional component spaces to achieve the maximum violation are four-dimensional complex ones. Some complex solutions may have been missed by our present calculations, but not many of them, as for the great majority of the inequalities the solution we managed to construct are actually as good as they can be, according to the upper limit we found. For the cases the upper limit agreed with the lower one derived from the explicit construction, we also show in Tables II and III the (usually partial) level when it happened. For those inequalities the maximum violations shown are the exact values. The level we could afford to accomplish with the code and with the computers we used depended on the number of measurement settings. For the 5522 inequalities we could do the calculation with either all aa ′ b or abb ′ type vectors added to level two, but with not both of them. Therefore, the largest calculations we made included only the 85% of them, randomly chosen. For the 4522 cases the maximum we could do was level two plus aa
For 4422 we could go up to level 3, while for 3322 to level three plus aa
We had to go to the maximum we could afford only for a small fraction of the inequalities. For over 85% of the cases level two plus abb ′ (and for the same cases level two plus aa ′ b) has already given the exact value. There were 20 inequalities for which the upper limit remained above the best solution we found (marked by no in the Tables) at all levels we could afford. The gap between the upper and lower limits for those inequalities, depending on the level is shown in However, we find the case of I 3322 truly puzzling. This is one of the simplest tight Bell inequalities, with just three measurement settings for each party. In our formulation used in (2) for the Bell inequalities it reads
We could calculate the upper limit at a level significantly exceeding level 3 (up to level 3 the upper limit has also been calculated by Refs. [20, 41] ). The gap between the lower limit of 0.25 and the upper limit is at least 4 orders of magnitude larger than numerical uncertainty, while it gets just marginally smaller by the extension of the calculation for the upper limit. It does not behave as if it would decrease much further. The lower limit has already been achieved with real two-dimensional component spaces. All our attempts to find a larger violation with higher dimensional spaces failed, although the number of parameters is much smaller than for the other inequalities we considered, and we have also made a lot more attempts than for any other case. It does not seem very likely for us that with spaces and operators our calculations cover such a solution exists. At the same time, it would also be very surprising, if one needed even higher dimensional Hilbert spaces to violate maximally this very simple inequality.
Our present results confirm what we have found in Ref. [18] , namely in most cases the state giving the maximum violation is not the maximally entangled one (indication for this fact was also given independently by Ref. [12] ). The results here are stronger, because the comparison with the upper bound proves that for most inequalities the states and operators we have got are actually the ones giving the absolute quantum bound. When the component Hilbert spaces required were larger than two-dimensional, the state we found was never the maximally entangled one. For bipartite inequalities with two measurement settings, but more than two outcomes [39] , a similar result was found by Ref. [19] .
VI. DETECTION EFFICIENCIES
A loophole-free experiment in order to test the nonlocal nature of quantum mechanics is still missing [7] . In particular, none of the experiments performed to date could close simultaneously the locality loophole (the measurement results at Alice's and Bob's side should be spacelike separated) and the detection loophole. In order to avoid this latter loophole the particles must be detected with a high enough probability, otherwise a locally causal model can reproduce the measured correlations. Another motivation beside the fundamental ones comes from the security issue of some quantum communication protocols which is based on the loophole-free violation of Bell inequalities [42] .
There are different proposals to close the detection loophole. More than two outcomes [43, 44] , more than two settings [12, 24, 43, 44, 45] , and partially entangled states [24, 46, 47] has been considered as well. The case of asymmetric Bell experiments, where the two particles are detected with different probabilities (in systems such as entangled atom-photon pairs) has also been addressed [12, 24, 47] . Another promising approach is the application of homodyne detectors in Bell tests [48, 49, 50] .
Here we calculate both the symmetric (Alice and Bob have the same efficiency η A = η B ≡ η) and asymmetric (Alice's detector is perfect) threshold detection efficiencies of our set of Bell inequalities for a pair of maximally entangled qubits allowing degenerate measurements as well. The general approach, consisting of two different detection efficiencies (η A and η B ) was treated in Ref. [24] . According to their Eq. (4) the quantum value of a Bell inequality with detection efficiencies η A and η B is given by
where Q is the quantum value associated to the Bell inequality with perfect detectors, M A,B and X are the values when one or both detectors do not fire. Next we limit ourselves to maximally entangled states and in the case of no detection one of the two outcomes {1, 0} are taken as an output. If we consider degenerate measurements as well, the no-detection outcomes must be set to the same value as the output of the corresponding degenerate measurement. On the other hand, by fixing these values the original Bell inequality I reduces to another one I ′ with a smaller number of settings. The local bound L for this inequality can be smaller or equal to the local bound corresponding to the Bell inequality I. At the same time it can be observed that the values M A,B and X remain the same for I ′ . Thus, if for a given Bell inequality I and efficiencies η A ,η B , I ηA,ηB > L holds, it certainly holds true for the reduced Bell inequality I ′ as well. This implies that the threshold efficiencies for I ′ can only be lowered with respect to the original one I (in our actual calculations we found that L never decreased, hence leaving unchanged the detection efficiencies). Conversely, this result means that if one supplements a Bell inequality with coefficients pertaining to degenerate measurements (i.e., deterministic ones, which need not be performed at all), it cannot lower the detection efficiency. Note, that this result, which is intuitively clear, also holds for the case of partially entangled states. We made an optimiza-tion over all possible measurement strategies (i.e., for any combination of degenerate and non-degenerate measurements) and over all possible no-detection outcomes, both in the symmetric and asymmetric situations. The following results have been obtained:
From the literature [24] for the maximally entangled, asymmetric case the best known detection efficiency is η B = 2/3, corresponding to I 3322 . We found that inequality I 2 3422 and AII 2 yield the same value with nondegenerate measurements. With involving degenerate measurements as well, this threshold value was obtained for a further 97 inequalities. Out of them 69 can be traced back to I 3322 , while 12 is reducible to non-tight 3322 inequalities, nonequivalent with I 3322 . However, η B = 2/3 is not the best one can achieve, for three five-setting Bell inequalities from the list of Avis et al. [11] , namely, A 34 , A 44 , and A 50 do better. The respective values of η B = 0.6607, 0.6520, 0.6587 are reached with purely non-degenerate measurements. There exists a local model [51] , which reproduces the correlations arising from non-degenerate projective measurements which can be expressed using real (complex) numbers on the maximally entangled state under the assumption that Alice has perfect detector and Bob has detection efficiency η B = 2/3 (η B = 1/2). Thus the three lower than 2/3 values given above need to belong to projective measurements with settings requiring complex numbers to be described. This fact, as we have checked, is true.
For the maximally entangled symmetric case, the threshold efficiency for the CHSH inequality is known to be 0.8284, which result was slightly improved recently by Brunner and Gisin [12] . They showed that the A 5 inequality from the Avis et al. list allows the slightly smaller threshold of 0.8214. By computing the best threshold values for the set of 241 Bell inequalities we did not find any better case. Allowing degenerate measurements we could get the same value for 19 five-setting Bell inequalities, but they could all be traced back to A 5 .
VII. SUMMARY
Let us summarize the main results achieved in this work.
We have presented two heuristic methods to get tight two-party two-outcome Bell inequalities. Using these methods we have extended the list of known 4422 type inequalities by 129 members. The list is very probably still not full.
For 241 inequalities we used numerical optimization to determine measurement operators and states giving their maximum quantum violation achievable with sixdimensional complex component Hilbert spaces, allowing three-dimensional projectors as measurement operators, and with eight-dimensional real component Hilbert spaces, allowing four-dimensional projectors as measurement operators. An n-dimensional calculation with (n/2)-dimensional projectors covers all m-dimensional (m ≤ n) cases with projectors having any dimensionality between max(0, m − n/2) and min(m, n/2). The 241 examples we have considered include all tight bipartite Bell inequalities with up to five two-outcome measurement settings known to us (excluding CHSH, about which we could tell nothing new). These results represent lower limits for the quantum bounds for the maximum violation. At the same time, the method proposed in Refs. [19, 20] makes it possible to determine a series of upper bounds by carrying out the calculation through a hierarchy of levels. The series converges to the exact value, often reaching it at a finite level. For the majority of cases the upper bound has become equal to the lower one at a level which is quite easy to perform for inequalities with no more than five settings per party. There remained only 20 cases for which we still can not tell for sure the maximum value of their quantum violation. The lower limit is probably the exact value for quite a few of them, but unfortunately we could not do the calculation for the upper limit at a high enough level to verify it. It is surprising that for the smallest case we considered, with only three measurement settings per party, there is still a significant gap between the upper and lower bounds, while the former seems to come only marginally lower by increasing the level, and for the latter we were unable to find any better solution than one can get with real qubits, despite the high dimensionality of the component spaces we considered and the many attempts we have done. We have only found a few inequalities whose maximum violation was achieved with the maximally entangled state, in all those cases a pair of qubits were sufficient.
We have also calculated the minimum detection efficiency to verify quantum violation for each inequality with a maximally entangled pair of particles, both for symmetric and asymmetric arrangements. By allowing degenerate measurements (ones with a certain outcome), one could lower these threshold efficiencies for most inequalities, but this only means that the (not necessarily tight) inequality with less measurement settings one can get by skipping the degenerate ones is at least as good at verifying quantum violation. As far as the actual numbers are concerned, for the symmetric case none of the inequalities does better than the best one already known, while for the asymmetric case we have found three inequalities with five measurement settings per party, for which slightly less efficient detectors are sufficient than for the best one known so far.
